LECTURE 2: WEAK* LIMITS AND EGOROV’S THEOREM

STEVE ZELDITCH

Lecture 2 is an introduction to weak™® limits of sequences S = {;, } of eigenfunctions,
or more precisely of their microlocal lifts to T*M (Wigner distributions). An orthonormal
basis tends to zero weakly in L? ¢; — 0, but of course does not tend to zero strongly.
Weak* limits ! measure the failure of the sequence to be compact in L? in a microlocal sense,
detecting the phase space points which cause the lack of microlocal compactness. Failure of
compactness generally has two sources: (i) concentration, (ii) oscillation. From a quntum
mechanics point of view, weak™ limits is the study of diagonal matrix elements (expectation
values) (Ap;, ¢;) of observables A € WO(M), the algebra of zeroth order pseudo-differential
operators. Matrix elements define positive linear functionals

pi(A) = (Ag;, ¢;))

on WO(M). In the high frequency (or semi-classical) limit A\; — 0o, subsequences p;, tend to
limit measures on S*M (the unit co-sphere bundle) which are invariant under the geodesic
flow. This is a consequence of Egorov’s theorem, proved in Section 3. The weak™ limit
problem is to determine the invariant measure which arise. Much is known when the geodesic
flow is ergodic or completely integrable, and almost nothing is known in other cases. The
weak * limit problem is evidently a global problem relating eigenfunctions to the geodesic
flow.

We begin by reviewing classical results of Komogorov-Riesz-Tamarkin on compact se-
quences in L*(Q2) where Q C R" is a compact domain. A fundamental difference between
general non-compact sequences and the sequence of eigenfunctions ¢, is that the latter have

a fixed frequencies )j,, i.e. oscillations can occur only on the wavelength scale /\L General
Tk

sequences may have oscillations at different scales. Hence, general criteria of compactness
are not as useful for eigenfunctions as criteria which take into account the wavelength scale
of oscillations and concentrations. These more specific measures of non-compactness are the
quantum limits.

On a compact domain in R", archetype examples of non-compact sequences are

(1) non-compactness due to concentration: wu,(z) = e;d/zgp(%) where p € C®(R?)
and €, — 0;

2
(2) non-compactness due to oscillation: u,(z) = a(x)e » . where h, — 0. More gener-

. 2 .
ally, one may consider WKB sequences uy(z) = a(x)ei¥®). Such non-compacness is
concentration in Fourier space.

Sequences of eigenfunctions may exhibit both types of non-compactness. Hence, one needs
measures of concentration in phase space.

lalso known as semi-classical limits, semi-classical defect measures, quantum limits, microlocal defect
measures
1
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1. BACKGROUND ON COMPACTNESS OF SEQUENCES

We first review the classical results on compact sequences in L?(Q2) where € is a bounded
domain in R™. The same criteria apply to compact manifolds. In the case of R", the
compactness criterion may be formulated in terms of the Fourier transforms u,,. They may
then be microlocalized to produce microlocal defects in compactness.

Recall that a subset E of metric space (X, d) is compact if and only if it is complete and
totally bounded, that is, for any » > 0, £ may be covered by a finite number of balls of radius
r. Equivalently, F is sequentially compact: every sequence has a convergent subsequence.

1.1. Kolmogorov compactness criterion. Relative compactness of a bounded sequence
S = {u,} in L? is a special case of relative compactness of any bounded set in L?, and means
that the L? closure is compact. For L*(M) (M compact) Kolmogorov gave the criterion that

(1) sup |[un(- + h) — uyllzz — 0, ash — 0

Or for all € there exists 0 so that ||u,0T,—u,|| < €for allnif |y| <, where T, f(x) = f(z+vy).
That is, small translates of the functions w,, are unifomly close to u,,. On R"™ {u,} is relatively
compact on compact sets if and only if

i € Co" (), sup ||(pun) (- + h) = pun()[ |22 = 0, (b = 0).

Define the L? modulus of continuity by

wr(t) = (sup/K\f(xﬂLy) —f(:v)|2d$)

ly|<t

The Riesz-Kolmogorov compactness theorem relates compactness to a unifom L? modulus of
continuity. Let K C Q be a compact set which is the closure of an open set. Let f € L?(Q).

THEOREM 1.1. Let K CC Q. Then {u,} is precompact in L*(K) if and only if the sequence
is uniformly bounded in L* and

wa, (t) < (t)
for some nondecreasing v : Ry — Ry with v(t) { 0.

Tamarkin and Riesz generalized Kolmogorov’s compactness criterion to sequences on all
of L?*(R") by adding a term constraining the mass of the sequence on large balls. We refer to
[HH, P85] for the statement. We do not use it because we assume our manifolds or domains
are compact.

PROPOSITION 1.2. The following is equivalent to (1):

sup/ |1, (€)]2d€ — 0, R — oo.
lE>R

n

Proof. This is proved in [P85] and we briefly recap the proof. We work on R"™ and consider
a sequence {u,} satisfying (1) or the equivalent versions. Introduce the standard Gaussian

Y(x) = (2r) " 2e1#1P/2 Let p(z) = (Rx)R", so that Pr(£) = ¥(€/R). Recall that
D(E) = e 2, p(0) = 1.
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For || > 2R, 5 <1— Yr(€), hence for any uy,

 (Jepar i (©PAE)" < 1lin(€)(1 = br(©)]:

< COllun =ty * Yg||2

= C[J 1 () = ke = ) V)] o]

IN

| [F1unte) = wate = I dsotas]as] g

In the last line we changed variables and applied the Schwarz inequality and Fubini’s theorem.
Define the L? modulus of continuity of the sequence {u,}. It is defined differently from
above, in that we sup over the sequence but not over small y.

oly) = sup / in() — tn(z — ) P

By assumption, w(y) — 0 as y — 0 and w(y) < (2M)? for all y. It follows that

E ([gpan [1n(§)PdS) " < 20 [Jw(F)o(y)dy]* = 0, as R = oc.
This proves the desired statement. 0

Since compactness is a ‘tail event, an equivalent condition is that

n

limsup/ U, (€)]?d€ — 0, R — oo.
|E>R

1.2. Brief recap on compact operators. A bounded operator A € L(H) on a Hilbert
space is compact if A takes bounded sequences {u,} to relatively compact sequences. The
compact operators form an ideal K C L. Pseudodifferential operators A € ¥—r(M) of
negative order are compact.

Suppose that {u,} is a bounded sequence converging weakly to 0 in H and that Au, is
relatively compact. We claim that ||Au,||r2 — 0. Indeed, let v be the strong limit of any
converging subsequence Au,, . Then

HUH2 = <U?U> = kh_)rg)<Aunk>Aunk> = kh_{gO<A*Aunk>unk>

Now A*Au,, — A*v strongly, and ||u,, || <1, so

lim (A" Au,, , uy,,) = lim (A*v, u,,) =0,

k—00 k—o0

since u,, — 0 weakly.
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2. MATRIX ELEMENTS

One of the principal techniques for obtaining information on the asymptotics of eigenfunc-
tions is to study matrix elements

(2) pi(A) = (Apj, 0x),  (pi(A) == (Apj, ;) when j = k)

of pseudo-differential operators A € WO(M) with respect to the eigenfunctions. Since the
eigenfunctions are normalized, the linear functionals pj, are bounded on the space L(H) of
bounded linear operators on the Hilbert space H = L*(M) equipped with the operator norm
topology. In quantum mechanics, the functional p;(A) is viewed as the ‘expected value of
the observable A in the energy state ¢; (of energy A3).

When an orthonormal basis of eigenfunctions is fixed, we refer to

(3) (A5, 1)) s

as the matrix of A with respect to the orthonormal basis {¢;}. The matrix of a pseudo-
differential operator has special asymptotic properties distinguishing it from the matrix of a
general bounded operator.

When we fix a quantization a — Op(a) of symbols as pseudo-differential operators, the
matrix elements become linear functionals of the symbol and one has a representation,

(4) p;x(Op(a)) :/ a(z,&) dWjk

*M
of the linear functional as a distribution dW,; on smooth symbols. The distribution is
sometimes called the Wigner distribution of (¢, ¢;) and we follow that terminology here.
When j = k we denote W, by W;. In the case of homogeneous pseudo-differential operators,
we can view

p(Op(a) = [ aaW;
S:M
as a distribution on the unit cosphere bundle (energy surface). In general, we would like to
study the asymptotics of the matrix elements or Wigner distributions for as large as possible
a class of symbols or operators. The Wigner distribution is (almost) a positive measure and
is truly one if Op(a) is defined in a certain way.

2.1. Matrix elements and microlocal mass estimates. If A = 15 is multiplication by
the characteristic function of a nice open set £ C M, then

pi(1p) = /E oyl2aV,

is the “mass” or the probability that the particle represented by ¢, is located in E. Op(1g)
is viewed as the quantization of the characteristic function of a set £ C T*M. Then
(Op(1g)p;, ¢j) is the “probability amplitude that the (position, momentum) of the par-
ticle is in £.” We may regard it as the measure of the microlocal mass of ¢; in E.

Usually we assume that the symbol is C*.
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2.2. Diagonal matrix elements as invariant states. We now develop the view that
pi(A) = (Ag;, p;) is an invariant state on the C*-algebra WO(M).

A ‘state’ in quantum mechanics might refer to a normalized wave function i) or to the
associated density matrix, namely the linear functional

py(A) = (A, )
on observables A € W°(M). This is a standard term in C* algebras. States have the
properties:

o (i) py(ATA) =2 0;

o (i) pu(l) = 1;

e (iii) py is continuous in the norm topology.

The classical analogue of a state on W°(M) is a probability measure on 7M. In the case of
eigenfunctions, the measures localize on the unit cosphere bundle S*M, and the probability
measures are linear functional on C'(S*M). In particular, eigenfunctions define states, which
we denote by

(5) pr(A) = (Apk, k).

A state is a linear functional on W°(M) such that (i) py(A*A) > 0; (ii) py(1) = 1; (iii) py
is continuous in the norm topology. It is the quantum analogue of a probability measure (a
state on C°(S*M)).

2.3. Evolution of states: Heisenberg picture. The evolution of observables in the
Heisenberg picture is defined by
(6) a(A) =UAU, AeVU™(M).

and since Dirac’s Principles of Quantum Mechanics, it was known to correspond to the
classical evolution

(7) Vi(a) :==aog"

of observables a € C*°(S*M). Egorov’s theorem is the rigorous version of this correspon-
dence: it says that «; defines an order-preserving automorphism of W*(M), i.e. «ay(A) €

(M) if A e U™(M), and that
(8) ovavy (,6) = 0alg'(x,€)) == Vi(oa), (x,) € T"M\0.

It is an immediate consequence of the fact that Ulp; = e, that the diagonal states py,
are invariant under the automorphism «; (6):

(9) pr(ULAUY) = pr(A).

In general, we denote by £ the compact, convex set of states in the vector space of continuous
linear functionals on the closure of ¥° in its norm topology. We denote by

(10) & ={pe & poa=p)
the compact convex set of invariant states. This is standard notation for invariant states
(see e.g. [R]).

Global harmonic analysis exploits the long time behavior of the geodesic flow, e.g. its
ergodicity or integrability, to prove results about the high eigenvalue limit of eigenfunctions.
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The joint asymptotics ¢ — 0o \; — 0o makes the analysis difficult and the geodesic flow is
only a good approximation to the quantum dynamics when

[t < Tu(\;) = klogAj,
for a certain k.

2.4. Representations of states as distributions or measures. if we fix a quantization
Op: C=(S*M) — VO(M),
the state pr(A) on WO(M) determines a distribution d®; € D’(S*M) by the rule,

(Op(a)pr, or) = / ad®d,,

S*M
where a € C°°(S*M). There exist positive quantizations such as Friedrichs quantization
Op®(a) or anti-Wick quantization [Tay81, Ze87] with the property that if @ > 0 then
Op®'(a) > 0. We denote the associated distribution by d@f:

O (@erpr) = [ adof.
S*M
Since a positive distribution is a measure, d®f is a probability measure. Such measures form
a compact set M in the space M of positive measures on C'(S*M).

2.5. Weak™* limits, quantum limits, semi-classical limit measures.

PROPOSITION 2.1. The set Q of weak™® limits of the sequence py are independent of the
choice of quantization, and are invariant probability measures on S*M for the geodesic flow.

Proof. The principal symbol o4 of a pseudo-differential operator is independent of the choice
of quantization. Hence, two different quantizations of a differ by a pseudo-differential oper-
ator K of negative order. Then K is compact and so ||Ky||z2 — 0.

It also follows that for any A € WO(M), any limit of a sequence of (Apy, px) is equally a
limit of ((A + K)pg, pr). If ps is any weak™ limit of the py then po(A) = poo(A + K) and
SO Poo(A) = [}, 0adp for some probability measure .

The fact that p,, is boudned on C°(S*M) also follows from the fact that for A € WO
||oal|L~ = infg ||A + K||. Hence any weak limit is bounded by a constant times ||oa||p
and is therefore continuous on C'(S*M).

The next property of the p, are consequences of the fact pp € Eg. Let M be the convex
set of invariant probability measures for the geodesic flow G*. They are also time-reversal
invariant. Then @ C M; The invariance under g follows from p;, € Eg by Egorov’s theorem:
any limit of py(A) is a limit of py(Op(oa o g*)) and hence the limit measure is G* invariant.

Regarding the support on S*M, suppose that a € C§(T*M) is supported on the set
{ll¢] = 1] > €}. We claim that ||Op(a)e;||r2 = o(1). Indeed, let b = @1 Since a s

compactly supported, a € S7°0(T*M). Let By, = Opy(b), A, = Opp(a) with h = >\;1. Then
Ay, = Br(vV—A — I) + Ej, where Ej, € U=~ and ||Ey||z2_,22 = O(h). Hence,

1Ag;Il < IBO'V=A = D] + || Eg;l| = o(1),
since ()\j_lx/—A—I)gpj = 0. O
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Since Friedrichs quantization and anti-Wick quantization are somewhat esoteric, we re-
mark that the positivity of the quantum limit distributions also follows easily by Garding’s
inequality. For the following, we refer to [Zw, Theorem 4.32].

THEOREM 2.2. Ifa > 0, a € S°(T*M) and Op(a) is any homogeneous quantization of a
then

(Op(a)pj, ;) > —C/\j‘l.

Hence, lim;_,.(Op(a)y;, ¢;) > 0.

2.6. Semi-classical measures and Semiclassical wave front set. We now give further
background on quantum limits, or semi-classical defect measures. A good reference is [Zw,
Chapter 5.2]. The supports of these measures are equal to the semi-classical wave front set
W Fy(up) of a family {un} of a ‘temperted family’ [Zw, §8.4.2]. The semi-classical defect
measures detect the regions of phase space which cause non-compactness of a sequence of
eigenfunctions.

DEFINITION 2.3. The semiclassical wave front set W Fy,(uy,) of a family uy, is the complement
of the (xo,&) possessing a neighborhood V- and a symbol a € S with |a(xg, )| > 6 > 0 such
that

la“(z, RDYun] 2 = O(h*.

In place of L? one may use a semiclassical Sobolev norm Hy(m). Equivalently there exist
p, Y € C§° with ¢ = 1 near xy, Y =1 near & and

[ Fn(pun)l|ze = O(R™).

If we let h = h,, and uy, = u,, as above, we may ask how W Fj,(uy,) is related to W F({u,}).

As the above suggests, one may enlarge the characterization by using general pseudo-
differential operators A € WO(M) to the sequences. Such A are not compact if their principal
symbol o4 is non-zero. If 04 = 0 then A € U=}(M) and A € K. But it is possible that o4
may be supported in a conic subset of 7*M —0 with the property that Ay,, is a pre-compact
sequence. This is true if the ¢;, ‘micro-localize’ in the set

(11) Char(A) :={(x,§) € T*"M : 0a(x,&) = 0},

so that Ag;, is something like the application of a (micro-locally) compact operator to a
weakly converging sequence. For instance,

Char(Agr) = {(x,¢) : x(x)xr(§) =0} ~ U x V.

2.7. Semi-classical wave front set equals the support of the Microlocal defect
measures.

PROPOSITION 2.4. Let {u,} be a bounded sequence in L? with a unique microlocal defect
measure. Then

S*M = SUpPpU.
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Proof. We have,
[ Aunl[* = (A" Ay, up) — |oal*dp.
S*M
Hence supp(p) C Char(A). If u, — 0 weakly in L? and if Au, is relatively compact then
||Au,|| — 0. Hence supp(p) € WF (uy).

Conversely, if (z,£) ¢ suppu, let a € S° be such that a(z,§) = 1,|a|?’n = 0. Then
(x,€) ¢ Char(A) and ||Au,||2 — 0. Hence Au, is relatively compact and by the Lemma,
(z,8) ¢ WE(un).

U

The converse is also true: If (x,£) ¢ suppu and if |a|?*u = 0 then (A* A(u,—u), (u,—u)) — 0
and A(u,, — u) is relatively compact in L.
Clearly we need to generalize the result to general sequences.

2.8. Weak * limit problem. .
One of the best known problems in semi-classical asymptotics is the following:

PROBLEM 2.1. Determine the set Q of ‘quantum limits’, i.e. weak™ limit points of the
sequence {Wy} of Wigner distributions. Equivalently, determine the set of limit states of

{Pk}'

The following Proposition is all one can say in general:

PROPOSITION 2.5. If M is a compact manifold, then Q@ C Mj, where My is the compact
convex set of Gt-invariant probability measures for the geodesic flow. The limits are time-
reversal invariant if the eigenfunctions are real valued.

Any weak * limit of of {p;} is an invariant measure for G*, i.e. u(E) = pu(G'E). This is
because py is an invariant state for the automorphism:

(12) pr(ULAU) = pi(A).

It follows by Egorov’s theorem that any limit of p(A) is a limit of pg(Op(oa o G*)) and
hence the limit measure is G! invariant.

There are many invariant probability measures and it is difficult to characterize those
which arise as qantum limits. Some examples of invariant measures are:

(1) Normalized Liouville measure dy,.

(2) A periodic orbit measure j., defined by s, (A) = L% f,y oads where L. is the length
of 7. A finite sum of periodic orbit measures. In this case the eigenfunctions are
sometimes said to ‘scar’ along ~.ig

(3) A delta-function along an invariant Lagrangian manifold A C S*M. The associated
eigenfunctions are viewed as localizing along A.

(4) A more general measure which is singular with respect to duy. There are many
examples in the hyperbolic case (see e.g. [?]).

On a flat torus, for instance,
Op(a)e™N = a(z, \)e!@N,

(Op(a)e'®N iy — / a (m, %) dz.

Hence
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This is Lebesgue measure on the invaraint torus £ = \/|\|. Every Lebesgue measure (i.e.,
on every invariant torus £ = &) arises as a weak™ limit. For rational tori, eigenvalues are
multiple and one may take linear combinations of such exponentials with the same eigenvalue.

2.9. Matrix elements of spherical harmonics. We now study matrix elements with
respect to spherical harmonics, in particular with respect to the standard basis Y, i.e.
(Op(a)Y,™,Y/"™) as £ — co,m/l — c.

The image of T*5? — 0 under the moment map u(z, &) = (po(z,€), |€]) is a vertical trian-
gular wedge. It is a cone, reflecting that p(z,r§) = ru(z, ) is homogeneous. We can break
the homogeneity by taking a base for the cone with |£| = 1, i.e. by considering points (z, 1).
This corresponds to looking at py : S*S? — R.

Thus, we consider pairs (m;, £;) in the joint spectrum of Dy, A = \/—A +1/2—1/2 whose
projection to the base of the cone has a limit (¢, 1).

THEOREM 2.6. Suppose that m;/{; — c. Then
(Op(a)Y,™, Y™ —>/ apdz.
pt(el)

Thus, the eigenfunctions in this ray localize on the invariant torus p, Ye).
We define U (t,t,) = e'1P9+24) and note that it is a unitary representation of the 2-torus

T? on L*(S?). Further
(Op(a)Y;",Y[") = (U(t1, £2)" Op(a)U (1, £2)Y;", Y/™).
Indeed, the eigenvalues cancel out. Average this formula over 72. We note that
<A> = U(tl,tg)* Op(@)U(tl,t2>dt1dt2

T2

commutes with both Dy and A. Indeed, the commutator with A gives -& under the integral

dto
sign, and the integral of this derivative equals zero.
But Dy, A have a simple joint spectrum: the dimension of the joint eigenspace equals one.
Hence, any operator which commutes with them is a function of them. Thus,

(A) = F(Dy, A).

The function F' must be homogeneous of degree zero. Also, the right side is a DO whose
symbol is

(a0) / (G2 (1, ) d
It follows first that '
(Op(a)Y;",Y/") = ({Op(a))Y;",Y[™) = F(m, k).
Secondly, as (m;, {;) — oo with m;/¢; — ¢, we have
(Op(a)Y™, Y™) = F(mj, {;) = F(c,1).

But also, the limit is the integral of ay against an invariant measure. The principal symbol
of F'is {(ag), which is a function on the image of the moment map. Its value at (¢, 1) is by

definition f#,l (e.1) @0dz, concluding the proof.
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Let us take the ‘symbol’ of the pair A, Ls. The symbol of A is the metric norm function
|€| while that of Lj is the so-called Clairaut integral

pG(xa 6) = <€7 %)

The pair (pg, |£]|) is called the moment map of the completely integrable geodesic flow of
S2. By the Schwartz inequality, |pg(z, )| < |%\ < 1 when [¢| = 1. Hence the image of T*S?
under the moment map is a triangular cone in R? with vertex at 0 with central axis the
y-axis and with sides y = £ in the usual z — y coordinates. Compare this to the image of
T*T? under the moment map (&;,&;) which is the whole plane.

The quantum limit measures in the case of the standard spheres was determined in [?].

PROPOSITION 2.7. Every invariant measure for the geodesic flow arises as a weak™ limit for
a sequence of eigenfunctions on the standard S?.

Proof. (Sketch) It suffices to show that every finite sum of delta functions on closed geodesics
arises as a quantum limit. Such measures arise by taking linear combinations of the associ-
ated Gaussian beams Y. O

However, one may hope to constrain the possible limits when the geodesic flow is suffi-
ciently chaotic. To do so, one needs to find properties of Wigner measures which are special
and which are preserved to some degree in the semi-classical limit. For the remainder of
this section, we consider what kinds of properties of eigenfunctions are measured by matrix
elements. We also consider matrix elements with respect to more general kinds of operators.

3. EGOROV’S THEOREM AND INVARIANCE OF QUANTUM LIMITS

Define the homogeneous symbol class S¥0(T* M) to consist of smooth functions on 7% M\0
(the puncture cotangent bundle) satisfying the estimates

|DgDfa(x,& h)| < Cap(&)*7.

Here, (£) = (1 + |¢ \2)%. More generally define S*™ to consist of symbols of the form h™"a
where a € S*0. Symbols in S™>~>° are called negligeable. The local semi-classical quanti-
zation Opy(a) = a(x, hD) is defined by

Opn(a)(z,y) = (27rh)‘”/ a(z, & h)en @ va4g.

n

the space quantizations of S™* is denoted \IIZ"(M ).

THEOREM 3.1. Let Ay, be a semiclassical PsiDO on M of order (k,m) and let Uy (t) = e~ ln
where Py, is a PsiDO of order (1,0) with real principal symbol. Let

Ap(t) = Up(t)" ApU(2).
Then Ay(t) is a PsiDO of order (k,m) with principal symbol

UAh(t) = ((I)t)*O'Ah = O'Ah o (I)t.
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There are stronger results:
t
HAh(t) - Opq;LU(O'Ah o} (I)t)HLzﬁl; S C’lhe“ 5

where C1, o are independent of ¢. The remainder is small if he is small, or ¢ ~ p~"log(),
known as the Ehrenfest time.

Proof. Assume for simplicity that (k,m) = (0,0). Then,

d 1 7
SAW) = TUN—)(PA— AP)UL(t) = [P, Ay(t)].
Hence we wish to solve the operator ODE
d 0
(13) EAh(t) = E[P’ An®)], (P =v-A).

Assume temporarily that A, (t) is a PsiDO with principal symbol a;. Then, taking principal
symbols of the equation (13) gives

d
Eat = {p, at} = Xpaty

where X, is the Hamilton vector field of p. The solution is
a; = Qg © CIDt = ((I)t)*a(),

where @' s the Hamilton flow of X,

This suggests solving (13) by PsiDO’s with well chosen principal symbols. The solution
is obtained modulo negligible operators by a recursive procedure which expresses it as an
infinite series of improvements plus a remainder. Each term is obtained by solving a principal
symbol ODE. The series does not converge but may be summed by a Borel summation
procedure. This gives a solution Ay (t) modulo negligible operators, i.e. smoothing operators
of order O(h*). More precisely,

(14) %th(t) _ %

The true solution A (t) is then obtained by variation-of-parameters, showing that A, (t) —

[P, Ay(t)] + Oray2(h™)

gh(t) is negligible Hence, A (t) is a PsiDo with the given principal symbol.
The details are as follows. Let Op(a;) be a quantization of a; as a PsiDO of order 0. Then,

(15 o <%Op(at) _ %[P, Op(at)]> _ 0 — %op(m _ %[P, Op(ay)] = hiRi (8),

where R;(t) has order —1. Thus, Op(a;) is an approximate solution of the equation and
Op((lt)|t:0 = Ah + O(h)

We now try successive approximations
(16) An(t) = Oplay) + hTL(t) + B*To(t) + - - + h" T, (1)

to obtain a better approximate solution. In the second step, we let A;(t) = Op(a;) + hT}(t)
and try to solve

(17) Can =1

7 [P, Ay (t)] + %Ry (t).
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In other words we want the symbol (of order —1) of

(18) S A -

to be zero. Since 4;(t) = Op(a;) + hT1(t) and o (L A;(t) —
(18) is

[P, Ay (t)]
L[P, A1(t)]) = 0, the symbol of

o1 (L0p(ar) — L[P,Op(a(t)]) + o1 (LT0(t) — L[P, Ti(1)])

=o(Ri(1)) + %UTl(t) — Xp(on -
This gives an inhomogeneous transport equation for o7, ):

d
2010~ Xp(0n0) = TRy, Oni()li=0 = 0.
The solution is
t
(19) or@t) = / ORy(s) © D 5(s.
0
The process may be iterated, each time giving an operator evolution equation of the form
d 0 ,
A1) = [P A (O] = W R (1),
and a transport equation for o, of the form,
d
T ~ Xp(or,w) = Or, ), O1y(1)le=0 = 0,

with solution (22) with j replacing 1. Each time we are adding a term of lower order in h (or
in homogeneity) to Ap(t). The method of asymptotic summation of symbols [Tay81] gives a
symbol a; and a quantization ﬁh(t) = Opy(a) satisfying

d ~ i
) =5
where R_(t) is a semi-classically negligible operator, i.e. of order h* and with a smooth
kernel. Here, we use that o7,(0) = 0 for all j, so that the O(h>) term arises only from the
asymptotic summation.

Let

[An(t), P) + R_we, Ay(0) — A4(0) = O(h™).

By(t) = An(t) — Ap(t).

It satisfies
d i
20 —By(t) — —
(20) CBut)
By Duhamel’s formula (see the Appendix in Section 6), and the fact that A, (0)—A,(0) = 0,

[Bi(t), Pl + R_o, Bp(0) negligible

. t
(21) Ap(t) — Ap(t) = Bp(t) = / Up(t — s)R_o(5)Up(t — s)ds.
0
The second term is of order O(h™) with a smooth kernel by the energy estimates
U(t): H(M) — H*(M), Vs,t.
Its norm is bounded by fot |R-o(s)||ds = O(h™).
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O

3.1. More on the homogeneous case. Here is a slight reworking of the proof using com-
lete symbols rather than operator equations. The first goal is to construct a complete symbol

a(t,l‘,f) ~ ao(t,l’,g) + a_l(t7x7§) 4+ ...

whose quantization A in some quantization Op satisfies (14). The composition of symbols is
often denoted by * and the complete symbol of the commutator is given by

i[P,A(t)] ~ > (DgpDga — DgaDSp).

a>0

We define ay(t, x, &) and Ag(t) = Op(ao(t, x,&)) as above. Then,

Titp, Ao (0] Ay(t) = To(t, 7,§) € S,
Now construct a; (¢, z, ) to solve the inhomogeneous initial value problem,

(% - Xp)al(t7x7§) = —To(t,x,f), a1(07$7§) = 0.

As in (22) the solution is

t
(22) ar(t,z, &) = —/ ro o ®'*ds.
0

If Ai(t) = Op(ay) then?

%[Ao(tHAl(t)]ﬂ-[R Ay + Ay € 02

since the symbol of order zero vanishes and the symbol of order —1 is ro + a; — Xpa; = 0.
So the leading term is of order —2 and so the complete symbol ry is of order —2. Then
construct as in the same way so that

0

(a - XP)GQ(taxvg) = _rl(t7$7€)> CLQ(O,ZB,&) = 0.

Iterating gives a recursive sequence a; and an asymptotic sum,
o0
alt,z,&) ~ Y a;(t,x,8),
j=0

satisfying
i[P, A(t)] — A'(t) = B_oo € U™, A(0) = A(0).
As before, the last step is to show that B_. is a smoothing operator, and the proof is

exactly as in the previous section.
is smoothing.

2The notation is different from the previous section where the lower A;’s were denoty by T}
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4. H-MEASURES AND MICROLOCAL DEFECT MEASURES

In Section 1 we reviewed some classical results on compactness of uniformly bounded
sequences uy, in L?(M) when M is compact. Usually we assume u;, — 0. Eigenfunctions
have a well-defined frequency \;, and the semi-classical defect measures and wave front
sets are based on setting h = /\j_l. There exist more general notions of microlocal defect
measures and wave front sets for sequences u,, or u, where u, does not have a well-defined
frequency. For instance, in the time-dependent setting, u;, may be a more general solution
of the wave equation than e ip;(z) or in the stationary setting it may be a complicated
linear combination of eigenfunctions. In this section, we review the definitions and results
in this more general setting. It is not really part of the Lecture series on eigenfunctions and
will not be referred to again. We follow [Born, Bur, G91, GB].

The basic notions are that of the sequential wave front set® W F(S) of a bounded sequence
of functions in L? and that of microlocal defect measures of S. Proposition 2.4 equates
W F(S) with the support of the microlocal defect measure u of S in the case where S has a
unique microlocal defect measure: W F'(u,)|sa = suppp. A key point is that if WF(A) is
disjoint from supp(p) then Au, — 0 strongly.

Recall that a set A in a metric space is totally bounded if it admits a finite € cover for
every € > 0. A metric space is compact if and only if it is complete and totally bounded.

4.1. Microlocal compactness criterion. The sequential wave front set is a microlocal-
ization of the Fourier characterization of relatively compact sequences in Proposition 1.2.
Instead of using exteriors of balls |£| > R one uses the intersection with a cone I' C R".

DEFINITION 4.1. Define the sequential wave front set W F (uy,,) by the condition: (xg,&y) ¢
W F(uy) if and only if there exists ¢ € C§(R2), ¢(xg) > 0 and a conic neighborhood I' of &,
so that

(23) sup / G (€)PdE = 0, R— oc.
el |€|>R

n

The sequence {u,} is microlocally compact in L? at (z9,&), or (xo,&) & WF(S), if there
exists a conic neighborhood I' and a localizing bump function ¢ so that (23) holds.

An equivalent definition is,

(24) limsup/ |Pun (€)|2dé — 0, R — oo.
Sel:|¢|=R

n

By comparison, the semi-classical wave front set is defined by,

n

(25) lim sup/ BT (€)2dE = 0, R— oo
§ETE| >R/ hn

The integral in the definition may be written in terms of matrix elements of pseudo-
differential operators. Let I' = U x V where U C R" is a small neighborhood around xg

3This is not a standard term; in [Born| it is called the wave front set of obstructions to microlocal
compactness.
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and where V' C R" is a cone. Let A = yg(D)p(z), where D; = 12 and yg(€) is the
characteristic function of the subset Vg = {¢ € V 1 |¢| > R}. Then yg(€) = x1(%). Then

/ GO = (xaFeou, xaFeu) = (pF xn(D)Fu, u).
§eT:I>R

Here, we should smooth out y; so that it equals 1 in a subcone of V' and vanishes outside
V, and then x% # xr but for expository simplicity we suppress the routine technicalities.
Let Ar = o F*xr(D)Fp. Then the condition above says that

lim (sup<ARun,un)) =0.

R—o0 n

PROPOSITION 4.2.
WF(u,) = n char(A),

where the intersections runs over all A € W° such that Au, is relatively compact in L*(2).

Proof. Let x € S°(R™) be supported in T and homogeneous for large £ and satisfies 0 < y <
1, x(t&) = 1 for large |t|. Let A(z,D) = x(D)p(z) € ¥°. Then (x¢,&) ¢ Char(A). We
have,

$uDy froon [ F(Au)OPAE = sup, [oon (OPIF (oun) (€ Pde

= 5P, Jeer gz p [F (Pun) (§)*dE

Hence by the Kolmogorov criterion, Au, is relatively compact. It follows that (W Fu,)¢ C
(U Char(A))e.

Conversely, suppose that Auw, is relatively compact and that (zg,&) ¢ Char(A). Find a
microlocal parametrix B such that y(D)p = Bo A+ R, R € V=>°. Here, x = 1 in a small
conic neighborhood T" of (xg,&y). Then x(D)yu, is compact and

Supy, f{eF,\ﬂzR [ F(pun)(€)?dE < sup, fIE\ZR IX(OPIF (un) (§)dE

= by fn [F D)) (€) Pl
Hence (W F'(u,))¢ C |J(Char(A))°.

5. GARDING’S INEQUALITY

We prove Garding’s inequality for positive pseudo-differential operators in W°(M). The
extension to operators of general orders is immediate by composing with powers (—A)® of
the Laplacian. We write p(z, D) = Op(p) for some quantization.

THEOREM 5.1. Let M be compact and let A € WO(M) and suppose that Rp(z,&) > C > 0
for |&| sufficiently large. Then for any s € R and any u € C*°(M),

R(p(z, D)u,u) > Cul[7> — C'[[ul

Hs-
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Proof. For simplicity assume p(x,§) € R. Let r(z, &) = p(z,£) — C. Using symbol calculus
there exists B € WY so that r(x, D) — C' = B*B + S where S € U~>°. Hence,

(p(a, DYyu, u) = C|lullz2 + || Bul[* + (Su, u).

But [(Su,u)| < C'||ul|gs. O

6. APPENDIX ON DUHAMEL’S FORMULA

Suppose that S(t) is the solution operator for the initial value problem

Wt + AW = 0,
U)=2ao
Then the solution of the inhomogeneous problem
Wy + WU = F,
W(0) =2
is given by
t
(26) W(t)=S(t)®+ / S(t — s)F(s)ds.
0

Now consider the inhomogeneous initial value problem for the wave equation:
uy — Au = f(x,t),

u(z,0) = (), w(z,0) =)
PROPOSITION 6.1. In the case of R3, the solution is
w(@,t) = T fopwelP®) + Vey) - (y — ) + t(y)ldS(y),

+ s o= Jonas W, $)dS(y)ds.

Proof. Convert this to a first order system:

IR IGROH
() == (7)
=) 4 (i) = 0) - 0)

In the case of R?, Kirchhoff’s formula gives the solution of the homogeneous IVP as

4;2 /a s [o(y) + Veo(y) - (y — 2) + td(y)]dS(y).

Let

u(zx,t) =
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Hence the solution of the first order system is

0 72 Jonen W) + Vely) - (y — 2) + (y)]ldS(y),
soy | | =
0] | 0 (e Sopenle®) + Vi) - (y — @) + t(y)]dS(y) )
Hence,
0 fot #_s) faB(m—s) [y, s)dS(y)ds,

16)) [ 00 () 525 Jopes—oy 5 5)dS () s )

u(z,t) ¢
=Wi(x,t) = S(t)P(x) + / S(t—s)F(x,s)ds,
v(x,t) 0

we get the stated formula.

7. APPENDIX ON THE ACTION OF A PSEUDO-DIFFERENTIAL OPERATOR ON AN
EXPONENTIAL

In this supplement we state an important Lemma on the action of homogeneous A €
WO(M) on semi-classical Lagrangian states u(x,7) := a(z)e’™#®). Here 7 = h™' is a semi-
classical parameter. It is called the Fundamental Asymptotic Expansion Lemma in [Tay81,
VIII, Section 7]. It is also Lemma 2.11 of [Ho68|.

A simple example is where p(z) = (x,&). By definition,

Aet@8) — a(x7§)6i<r7€>7

where a(x,§) is the complete symbol of A. If we write £ = 7w where w = % then,

AeiT(a:,oJ) _ (Z($, TOJ)@iT<x’w>,

and if A € WO(M) then a(z,7w) has a polyhomogeneous expansion in 7. The same is true
for any phase function ¢.
We use the following notation:

e(y) = (x) + (y — 2, V() + pa(y)-
PROPOSITION 7.1. Suppose that dp(x) # 0 in the support of a(x). Then,
e”"p(x, D)(ae™W) = Y " —p(z, rdp(w)) Dy (a(y)e™* W) + +7 N2 Ry (2, 7),
NET
where Ry is uniformly bounded for > 1.

The notation p® means Dgp. The first term is po(z, 7dp(z))a(x) where pg = op. The
proof amounts to representing p(x, D) as a Fourier integral, integrating against u(x,7) and
applying stationary phase.
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